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Operators which factor through Banach lattices not containing c0
by
N. Ghoussoub and W. B. Johnson*
In this supplement to [GJ1], [GJ3], we give an intrinsic characterization of (bounded,
linear) operators on Banach lattices which factor through Banach lattices not containing a
copy of c0 which complements the characterization of [GJ1], [GJ3] that an operator admits
such a factorization if and only if it can be written as the product of two operators neither
of which preserves a copy of c0. The intrinsic characterization is that the restriction of the
second adjoint of the operator to the ideal generated by the lattice in its bidual does not
preserve a copy of c0. This property of an operator was introduced by C. Niculescu [N2]
under the name “strong type B”. That this condition is stronger than the property that
the operator itself does not preserve a copy of c0 is exhibited by the example constructed
in [FGJ] and studied further in [GJ2].
When we wrote [GJ1], [GJ3] we did not know that Niculescu [N1], [N2], [N3] was
independently considering some of the same problems; we now want to acknowledge his
priority for discovering some results that overlap with ours. Also, in remark 1 below, we
indicate how our results, when translated into Niculescu’s language, answer some questions
he raised.
Before stating the theorem of this note, we introduce some notation: Given a Banach
lattice E, I(E) (respectively, Bd(E)) denotes the closed order ideal (respectively, band) in
E∗∗ generated by E. The symbols E, F , G will be reserved for Banach lattices while X ,
Y , Z will be used for general Banach spaces. Terminology is as in [GJ3], and the reader
will probably need a copy of [GJ3] on hand to follow the proof of the theorem.
Theorem. Let E be a Banach lattice and let T be an operator from E into a Banach
space X . The following are equivalent:
(1) T ∗∗|I(E) does not preserve a copy of c0.
(2) T ∗∗|I(E) does not preserve a positive disjoint copy of c0.
(3) T ∗∗[Bd(E)] ⊂ X .
(4) There exists a Banach space Y and bounded linear operators u:E → Y and
v: Y → X such that neither u nor v preserves a copy of c0 and T = vu.
(5) There exists a weakly sequentially complete Banach lattice F , an interval preserv-
ing lattice homomorphism R: I(E)→ F , and an operator S:F → X so that T ∗∗|I(E) = SR.
Proof. That (1) and (2) are equivalent follows from Theorem I.3 of [GJ3] (that the
other conditions in Theorem I.3 are equivalent to (2) was proved earlier by Niculescu—see
Theorem 3.4 in [N2]). Niculescu [N2, Proposition 4.2] stated the equivalence of (2) and
(3); we follow his lead in leaving the proof as an exercise for the reader, but note that
(2) is the statement we tie to the other conditions. The equivalence of (4) with (5) was
proved in Corollary I.8 in [GJ3] and (5)⇒ (2) is immediate, so we only need to check that
(2) implies (5). In fact, the proof of this implication is essentially contained in the proof
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of Theorem I.7 of [GJ3], but since only weaker implications are explicitly stated there we
present here a detailed proof.
Let W be the absolute convex solid hull of T ∗Ball(X∗) in E∗ and let G be the
interpolation space (cf. [GJ3]) corresponding toW in E∗. Let J :G→ E∗ be the canonical
injection and I:X∗ → G such that T ∗ = JI. By Lemma I.5 of [GJ3] we have for each µ
in E∗∗ and n = 1, 2, . . . ,
‖J∗µ‖ ≤ 2nsup { ‖T ∗∗ν‖: ν ∈ E∗∗, |ν| ≤ |µ| }+ 2−n‖µ‖. (†)
Letting F be the norm closure of J∗[I(E)] in G∗ and setting R = J∗|I(E), S = I
∗
|F ,
we have that T ∗∗|I(E) factors through R and hence in order to complete the proof we only
need to check that F does not contain a copy of c0.
Since I(E) is an ideal in E∗∗ we have from (†) that for each f ∈ I(E) and n = 1, 2, . . . ,
‖Rf‖ ≤ 2nsup { ‖T ∗∗g‖: g ∈ I(E), |g| ≤ |f | }+ 2−n‖f‖. (‡)
Now J∗ is a lattice homomorphism since J is interval preserving ([AB, p. 90]). Since
T ∗∗|I(E) does not preserve a copy of c0, neither does R by Lemma I.1.a of [GJ3], hence (‡)
implies that F has order continuous norm by Lemma I.1.b of [GJ3].
We first prove that if (em)
∞
m=1 is an increasing sequence in I(E)+ such that (J
∗em) =
(Rem) is norm bounded in F then it is norm convergent in F . Indeed, let µ be the w
∗–limit
of (J∗em)
∞
m=1 in G
∗. Since J∗[E∗∗] is norm dense in G∗, there exists for each ǫ > 0 an
element νǫ ∈ E
∗∗ such that ‖J∗νǫ − µ‖ ≤ ǫ.
Since I(E) is an ideal in E∗∗, the sequence (νǫ ∧ em)
∞
m=1 is in I(E); moreover, it is
increasing and norm bounded by ‖νǫ‖, hence J
∗(νǫ ∧ em) norm converges to some zǫ in
F by Theorem I.3.d in [GJ3]. Using again the fact that J∗ is a lattice homomorphism,
we have that J∗(νǫ ∧ em) = J
∗(νǫ) ∧ J
∗(em) hence J
∗(νǫ ∧ em) w
∗–converges in G∗ to
J∗(νǫ) ∧ µ. Therefore J
∗(νǫ) ∧ µ = zǫ is in F . Thus we get
lim
ǫ→0
‖zǫ − µ‖ = lim
ǫ→0
‖(J∗νǫ) ∧ µ− µ‖ ≤ lim
ǫ→0
‖J∗νǫ − µ‖ = 0.
It follows that µ is in F . Since the sequence (J∗em)
∞
m=1 is in the order interval [0, µ] and
F is order continuous, it follows that (J∗em)
∞
m=1 norm converges to µ.
Suppose now that (fm)
∞
m=1 is any increasing sequence in F . To show that it is norm
convergent, it is enough to show that for any ǫ > 0 there exists (em)
∞
m=1 increasing in I(E)+
such that ‖fm − J
∗em‖ ≤ ǫ. For that, let zm ∈ I(E)+ be such that ‖J
∗zm − fm‖ ≤ ǫ2
−m.
Set em = ∨
m
i=1zi. Then (em)
∞
m=1 is increasing and
|J∗em − fm| = |J
∗ (∨m
i=1zi)− fm| = |∨
m
i=1J
∗zi − ∨
m
i=1fi| ≤
m∑
i=1
|J∗zi − fi|.
It follows that
‖J∗em − fm‖ ≤
m∑
i=1
‖fi − J
∗zi‖ ≤ ǫ
m∑
i=1
2−i ≤ ǫ.
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By the classical version of Theorem I.3 in [GJ3], F does not contain a copy of c0 and
hence F is a weakly sequentially complete Banach lattice ([LT, p. 34]).
In the above proof of (5) ⇒ (2), if X is Banach lattice and T is a positive operator,
then every positive operator dominated by T also factors through R. Thus we get:
Corollary. Let E be a Banach lattice, let T be a positive operator from E into a Banach
lattice X , and assume that T ∗∗|I(E) does not preserve a positive disjoint copy of c0. Then
there exists a weakly sequentially complete Banach lattice F and an interval preserving
lattice homomorphism R: I(E) → F such that for any operator 0 ≤ T1 ≤ T there is a
positive operator S1:F → X so that T
∗∗
1 |I(E) = S1R.
Remark 1. The examples in [FGJ] of positive quotient mappings onto c0 which do not
preserve a copy of c0 were shown in [GJ2] to fail property (4) of the theorem, hence are,
in Niculescu’s terminology [N2], operators of type B which are not of strong type B. This
answers problem 4.1 in [N2]. (However, if E is order continuous then I(E) = E and so
operators from E of type B are of strong type B.) These operators also give a solution
to problem 4.4 in [N2]; namely, there exists a lattice homomorphism T on some Banach
lattice which does not preserve a copy of c0 or of l1, yet T
2 is not weakly compact, while
T 3 must be weakly compact: see remark 2 in [GJ3, p. 164].
Remark 2. One of the operators mentioned in remark 1 (“T1” in the terminology of [GJ2])
maps weakly Cauchy sequences into weakly convergent sequences; this gives a counterex-
ample to one part of Proposition 4.2 in [N2].
Remark 3. Since a weakly sequentially complete Banach lattice has the so-called analytic
Radon- Nikodym—ARN—property (cf. [BD]), an operator which satisfies condition (3) of
the theorem is an ARN-operator. This implication was recently proved in a direct way
by Bukhvalov [B]. Although aware of [GJ3], Bukhvalov mistakenly thought that his result
could not follow from the factorizations in [GJ3] (he applied the error from [N2] mentioned
in remark 2 to conclude that the operators mentioned in remark 1 satisfy condition (3) of
the theorem).
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